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Two-patch analysis

We first made the following assumptions:

1. Each patch has identical parameters, with the exception of the ratio of mosquitoes to humans m; and

mso.
2. m = w, the average of my and mo, is fixed.
3. a:= %, where, without loss of generality, m; > mq so that « € (1, 00).

Theorem 0.0.1. Under the above assumptions, Ry is an increasing function of the variance

(my —m)? + (mg — m)?
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Proof. Note that a—VO = % : 8070' We will first show that 37070 > 0.

Assumptions 2 and 3 imply that
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Using the definition of Ry described in the previous section, it is straightforward to show that Ry for

our two-patch system is a special case of the Ry derived in [1]. In [1],

1
Ry = 5 (51t2 + sot1 + \/(s1ta + sat1)? — 45152")7

where 0 = kior1 +koyro+7r172, 8§ = %, and t; = r; +k;;. Since all patch parameters, except for m; and

my are identical in this manuscript, we take k = k1o = ko1, r =11 =19, 8 = 1 = P2, and g = g1 = ¢o.

Subsequently, we have o = 2kr + 12, 5; = %, andt =r+ k=1t =ts.

t t
Note that sits + sot1 = sats s + 1) = Sgtg(d + 1). So, Ry = 520 a+1+ (5( + 1)2 — 407g .
S92 t2 20 12

Recall that so = man, where n = a?bce™9" /g (under the simplifying parameter assumptions). From

2nm
the expression for ms, we obtain s; = _LH, which yields (after simplification) an expression for Ry as
@

a function of a:

Ro(d):nmg (1+\/1_4(@f1)2';>‘

OR
Now, it remains to show that —P > 0 on (1,00). Only the argument of the square root in Ry depends

OR 0 o 1-a
on &. Thus, to determine the sign of 87640’ we first note that % ((& f1)2> = G 1033 < 0on (1,00).

From this, it is clear that Ry is an increasing function of a.
o
We conclude the proof by writing V' as a function of @&, and illustrating that v is also positive.

Substituting Equation (1) into the expression for the two-patch variance V, we find that V (a4 1)° =

m?2(a — 1)2. Implicit differentiation with respect to V, and treating & as a function of V, yields:

da _ (a+1)®
oV dAm2(a—1)’

which is positive. In the above calculation, we used the fact that V (& + 1)* = m2(a — 1)2 to write the

expression in terms of only m and &. Consequently, Ry is an increasing function of V.
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Proof. Calculating R{ (&) explicitly, we obtain: R{(a) = 2nm <1 —4ﬁ : :2) . (da—i—il)?’ T
1 2rk
Clearly, % (t> <0 since t = r + k, and % (%) = 7(7‘—}—#)3 < 0. Since 1/t and o/t are both
OR

decreasing functions of £ and no other terms in 87@0 depend on k, we observe that 87070 must decrease
with k.

O

Theorem 0.0.3. The total equilibrium prevalence in the two-patch system, I* = I} + I5 is an increasing

function of the variance V.

Proof. The equilibrium equations for our two-patch system are

I
0= acﬁl(e_g" —2zi)— 9z, =12

Ozmiabzi(N—Ii)—TIi—k]i—i—klj, 1=1,2

Solving for z; in the first equation and substituting this quantity into the second equation, we obtain the

equilibrium equations

m;abce 9"
0= T (N L) (4 BT 4R,

which is a special case of the equilibrium equations in [1].

From equations (33)-(34) in [1],

OI; _ CaAs )
80&1 A1A2 - B1B2
RIE Ci, Bs

80&1 N A1A2 — 31327
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where

A; = a;B(N] = 2I7) — t(2BI7 + gN;') + kBI;
= ;B(N —2IF) — (28I} + gN) + kBI;
B; = k(BI} + gN;)
= k(BI} + gN)
Coy = BIT (NY = I7)

= LN - T})

Recall that aq = myabe 9" = %abe’gn.

This fact, along with equations (2)-(3), implies that

oI*  Oay OI*  2mabe” 9" . Co,y (B2 — Ag)
oa - « 8a1 o (O_£+ 1)2 A1A2 — BlBQ.

Proposition 5.0.1 in [1] states that A; Ay — B1 By > 0, and the proof of this proposition states that
Ay < 0. Thus, B, — A > 0 implies that %—g > 0. Recall that in the proof of the previous theorem, we

showed that 0a/0V > 0; consequently, I* is an increasing function of the variance V.
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